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DIRECTION-PRESERVING AND SCHUR-MONOTONIC
SEMISEPARABLE APPROXIMATIONS OF SYMMETRIC POSITIVE
DEFINITE MATRICES*
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Abstract. For a given symmetric positive definite matrix A € RV*N | we develop a fast and

backward stable algorithm to approximate A by a symmetric positive definite semiseparable matrix,
accurate to a constant multiple of any prescribed tolerance. In addition, this algorithm preserves the
product, AZ, for a given matrix Z € RV*4 where d < N. Our algorithm guarantees the positive-
definiteness of the semiseparable matrix by embedding an approximation strategy inside a Cholesky
factorization procedure to ensure that the Schur complements during the Cholesky factorization
all remain positive definite after approximation. It uses a robust direction-preserving approximation
scheme to ensure the preservation of AZ. We present numerical experiments and discuss the potential
implications of our work.

Key words. semiseparable matrix factorization, positivity-preserving, direction-preserving
AMS subject classifications. 65F05, 65F50

DOI. 10.1137/090774331

1. Introduction.

1.1. Motivation and background. Given any symmetric positive definite
(SPD) matrix A and any tolerance 7 > 0, in this paper we present a fast back-
ward stable algorithm to construct an SPD semiseparable matrix that approximates
A while preserving the product, AZ, for a given matrix Z € RN*? for d < N. The
idea of preserving the actions of A on certain vectors (directions) goes back to the
early pointwise approximate factorization methods by Dupont, Kendall, and Rach-
ford [11], Gustafsson [15], and Notay [23]. The motivation there was that by imposing
certain row-sum criteria to the incomplete factorization of matrices coming from finite
difference approximation of second order elliptic equations, it can lead to improving
the condition number of the preconditioned matrix by an order of magnitude better
than the one of the original finite difference matrix (i.e., from @(h=2) to @(h1)).
One of our motivations here is that an approximate factorization of a discretization
matrix can lead to Schur complement matrices that can be viewed as coarse discretiza-
tion matrices if they preserve the near null-space of the original fine-grid matrix.
Our goal is to have a general procedure that can ensure this property for any given
number of directions d. For example, in the application of two-dimensional elasticity
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equations it is important to preserve the so-called rigid-body modes, in which case we
have d = 3. For other applications, such as the “adaptive algebraic multigrid” (AMG;
cf., e.g., [2]), it is important that the coarse space contains several “algebraically
smooth” directions. Although in the present paper we do not pursue the application
of our direction-preserving approximate factorization method to AMG, this is one of
our main motivations to develop and study the proposed approximate factorization
technique.

In what follows we adopt the so-called semiseparable matrix structure which in
certain applications by using high enough rank in the approximation can lead to
virtually exact factorization of the matrix. Thus, by choosing the rank we have a whole
spectrum of approximate block factorization methods that can vary in accuracy from
simple preconditioners (comparable to symmetric Gauss—Seidel) to highly accurate
(but potentially expensive for large rank) and virtually exact factorizations.

The semiseparable structure is a matrix analogue of semiseparable integral kernels
as described by Kailath in [19]. This matrix analogue was most likely first described
by Koltracht, Gohberg, and Kailath in [21]. In that paper it is shown that, under fur-
ther technical restrictions, an LDU factorization is possible with a complexity n?N,
where n is the complexity of the semiseparable description and N is the dimension
of the matrix—in effect an algorithm linear in the size of the matrix when n is small.
In their papers Dewilde and Alpay [9] and Dym, Alpay, and Dewilde [12] introduce
a new formalism for time-varying systems which provides for a framework closely
analogous to the classical time invariant state space description and which allows for
the generalization of many time invariant methods to the time-varying case. When
applied to matrices, this formalism generalizes the formalism used in [21] and allows
for more general types of efficient operations (by “efficient” we mean operations that
are linear in the size of the matrix). In the book Time-Varying Systems and Com-
putations [10], Dewilde and van der Veen describe the various operations that are
possible on time-varying systems in great detail, including the efficient application of
orthogonal transformations. In particular, they show how a U RV -type transformation
on a general (possibly infinite-dimensional), semiseparable system can be done with
an efficient recursive procedure. This procedure is based on the ideas by van der Veen
and Dewilde in [25] and by Gohberg and Eidelman in [14]. In the former paper the
connection with Kalman filtering as a special case of the procedures is also discussed.

In the literature, various efficient representations for rank structured matrices
have been proposed, and efficient and accurate algorithms have been developed using
these representations [1, 3, 7, 8, 9, 12, 21, 16, 17, 18, 19, 26, 27]. In particular, several
efficient algorithms have been developed for approximating a symmetric matrix A
by a symmetric semiseparable matrix, accurate to a constant multiple of any given
tolerance 7 > 0 [9, 12, 21]. Fast backward stable algorithms have also been constructed
to approximate A with an SPD semiseparable matrix (see [24]).

This current work was also motivated by such work as well as work on construc-
tion of monotonic preconditioners for sparse SPD matrices. Recent work on superfast
direct methods for discretized matrices from elliptic operators uses the semisepa-
rable matrix structure as a basic tool in solving discretized elliptic PDE problems
(see [4, 3, 6, 22]). In the process of generalizing these methods to construct robust
and effective preconditioners, we are led to the problem of constructing semiseparable
SPD matrices to approximate a given dense SPD matrix A for a very large given
tolerance 7 > 0. Additionally, as mentioned earlier (e.g., in the AMG application), it
is often unnecessary (potentially expensive) to maintain a high order of approxima-
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TABLE 1.1
Dimensions of matrices in (1.1). k; and l; are column dimensions of U; and P;, respectively.

Matrix U; Vi W, P; Qi R;
Dimensions m; X ki m; X ki,1 k’i,1 X k’i m; X li m; X li+1 li+1 X li

tions along a small number of known directions defined by a given matrix Z € RV >4,
Values such as 1,2, or 3 are typical for d in these cases.

1.2. The paper outline. In this paper, we present an efficient and backward
stable algorithm for solving such problem for any given tolerance 7 > 0. This work
will form the basis of our efficient construction of effective preconditioners for sparse
matrices arising from discretized PDEs. As in [24], we embed the semiseparable matrix
construction scheme of [3] inside the Cholesky factorization procedure for A to ensure
that each approximate Schur complement during the Cholesky factorization remains
positive definite. In addition, we ensure that the matrix-matrix product AZ remains
unchanged throughout the entire procedure, up to rounding errors.

To be more specific, let B be a semiseparable N x N matrix. Then there exist n
positive integers my, ..., My, with N =mq + - -+ + m,, to block-partition A as

(1.1)
D; if i =7,
B=(B;), where B;; € R™*™i satisfies B, ;= UiWit1 -+ Wj—lva if j >4,
PRi_1---R;j1QT  if j <.

The sequences {Ui ?:_llv {Vi}?:Zv {Wl ?:_217 {Pi}?:Zv {Ql ?:_115 {Rl ?:_215 and {Di}?:l
are all matrices whose dimensions are defined in Table 1.1. While any matrix can
be represented in this form for large enough k;’s and [;’s, our main focus will be on
matrices of this special form that have relatively small values for the k;’s and I;’s
(see section 3). In the above equation, empty products are defined to be the identity
matrix. For n = 4, the matrix B has the form

Dy U1V2T U1W2V3T U1W2W3V4T

PQT Dy U ViE Uy W3V
B=1 pRr,qr P;QT D UsVT
3 RaQ1 305 3 3V
PR3 RQT  PiR3QT  PQT Dy.

Throughout this paper we will assume that the D;’s are square matrices. It is shown
in [10] that this class of matrices is closed under inversion and includes banded ma-
trices and semiseparable matrices as well as their inverses as special cases.

The semiseparable structure of a given matrix B depends on the sequence m;.
Different sequences will lead to different representations.

If Dy, is symmetric and P, = Vi, R, = W[, and Q) = Uy, for all possible values
of k, then B is a symmetric matrix. On the other hand, if Dy is upper triangular
and P, = 0 for all possible values of k, then B is an upper triangular semiseparable
matrix.

As is well known, the Cholesky factor of an SPD semiseparable matrix is up-
per triangular semiseparable. Conversely, let R be a nonsingular upper triangular
semiseparable matrix. Then RTR is an SPD semiseparable matrix.

In section 2 we present the construction algorithm. In section 3, we discuss nu-
merical experiment results with this construction algorithm. In section 4 we discuss
potential applications of this work and draw some conclusions.
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2. The construction algorithm. The main goal of this section is to present
our semiseparable matrix construction algorithm. To this end, we need to establish
some notation.

2.1. Notation. Let A € R¥*Y be an SPD matrix with block partitioning

Arn A - Aln
(2.1) g | Az A
A{n A{n o A

where Ay € R™*™ g0 that N = EZ:l my. With a slight abuse of notation, we
will denote

Ak,s:t = (Ak,s Ak,t) and Ai:j,s:t = : ., :
Aj7s . Aj,t

For any given matrix H and a given tolerance 7, we consider an orthogonal de-
composition of the form

(2.2) H= (U (7) (V ?)T,

where the matrix (U U) is column orthogonal so that UTU = 0. Throughout this
paper, we will decompose various matrices in the form of (2.2) such that U has as few
columns as possible and such that ||V |2 = O(7). Equation (2.2) will be our main tool
for performing low-rank numerical approximations.

2.2. Direction-preserving approximations. We start by considering
direction-preserving low-rank approximations. Let H € R™*", F € R™? and
G € R™*%; we seek approximations of the form (2.2) that further preserve the matrix-
matrix products HF and GT H for d < min(m, n). That is, we would like to preserve
the following equalities when H is approximated by UV 7

(2.3) HF =UV'F and GTH=GTUv?”.

To this end, we first use QR factorization of F' to get
R R

where Q1 € R™*? and Q% € R™("~9_ It is immediate that
(2.5) HF = HQ:Rr
Next, we use QR factorization of the m x (2d) matrix (G HQ%}) to get

R RL R
(26) © nap=as () =aa ().
where Qg € R™*™ and Rg € RCD*(4) Tet Rg = (RY, RZ); we then have

(2.7) GzQGC%),
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where R € R(2)xd,
Finally, we compute the matrix

5 AT — (AT 171 T2y 20 ((RE T 1702
H=Q6HQr = (QGHQE QLHQL) = 0 QeHQ% |-

Our goal is to approximate H by approximating H instead. Note that H = Q¢ H Qg

By construction, it is sufficient to preserve the first d columns and rows of H in
order to preserve HF and GTH . Furthermore, our choices of the QR factorizations
result in the lower left corner of H being 0 as below:

(2.8) A= (fr the)
0 Hip
with Hy; = R% € R4,
We now compute an orthogonal decomposition in the style of (2.2) for Ha o,

~ V1T
Hyo = (U Uy) Vi)

with columns of (U Us) orthonormal and ||Vz||2 = O(7). This leads to an orthogonal
decomposition of the form (2.2) for H with

~ I 0 ﬁLl ﬁ172
29) a-[(" ) (@) Vo
0 v

Since H = Q@HQT, we can define

U=Qc<I U1>’ ﬁ:QG<£2>7

and

-~ -~ T
V = QF (Hé’l I{/??) s and ‘7 = QF (0 ‘/QT)T 5

which leads to an orthogonal decomposition of the form (2.2) for H with
Py \T
(2.10) H= (U U) (V V) .

We now show that (2.3) is true under this approximation. To verify the first part,

we have
T _ ﬁl,l ﬁl,Q Tr_ ﬁ1,1 ﬁl,Z Rp
v F—QG< ! UlvlT)QFF—QG( ! m;)(o)

R2 2.6 2.5
= Qg < OG) Ry %Y HQYRp ) gr

To verify the second part, we have

¢'n ™ (ry" o) Qb H = (rY" o) HQE =R (fia Hiz)QF.
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and

GTuvt S (mT o) Qb e (M A ) Qb =Ry (M Bia)oF
1V
Thus, the above two quantities are equal.

It costs O((m + n)d?) flops to compute both QR factorizations; it costs O(mnd)
flops to compute H; and it costs O(mnr) flops to compute an orthogonal de-
composition for ﬁm, where r is the column dimension of Vi; and it costs about
O((m + n)(d + r)?) flops to compute the representation (2.10). So the total cost of
this compression scheme is about O(mn(r + d)) flops.

This compression scheme is numerically stable. We have, in fact, presented the
scheme in such a way that every step of the computation is known to be numerically
stable. We leave out the details of the proof for numerical stability as they are tedious
and do not provide much new insight into the scheme.

2.3. Construction of approximate Cholesky factorization. To begin our
procedure, we first recall the following standard block Cholesky factorization proce-
dure:

for k=1,2,...,n:
Cholesky factorize Rf’ w Rk = Ag i

-T
Compute Ry kt1m = Ry Ak k1
o T )
Schur complement  Api1im kt1:n = Aktimk+1m — Ry ki1 Broktiing
end for.

For each k, the first step in this procedure computes the Cholesky factorization
of the kth diagonal block; the second step computes the rest of kth block row; and
the last step computes the Schur complement of the kth block. The output of this
procedure is the upper triangular matrix

Rip Rio -+ Rip
Roo -+ Rop .
R= ) ) such that A= R" R.
Rn,n

In the following, we will modify the above procedure to find an approximate
Cholesky factorization satisfying

(2.11) STS=A+0 (\/HAHQT) and STSZ = AZ,
where
Z
Z=1"-.1,
Z,

and where S is an upper triangular semiseparable matrix of the form (cf. (1.1))

Dy Si2 -+ Sin
Dy o Sy
(2.12) S— o

)

Dy,
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with the Dj’s being upper triangular and Sy ; = UpWyyq -+ W1 V/T.
In light of the block Cholesky factorization procedure above, we begin by com-
puting

D?Dl = All and Hl = Dl_TAl)g;n.

Our next step is to compute a low-rank approximation to H; without changing
AZ. Note that

uy — (DEDiZy+ DTH Z,,
HTGy + Asn2nZom )7

where G7 = D1Z;. To preserve AZ, we only need to find a low-rank approximation
to H; while preserving both H;Z,., and G{Hl. Here we compute an orthogonal
decomposition of Hy in the style of (2.10) as follows:

~ ~ANT
o= (v 0h) (@ &)
where the matrix (U [71) is column orthogonal and || o} l2 < 7. It follows that

HI'H, = 0,07 + 9,07.

According to the block Cholesky factorization procedure, (D1 Hj) is actually
the first block row of R. Hence the Schur complement of the first block becomes

Al = Agpoy — HEHy = Agpo — Q197 — o} @{
We now approximate A; by
A = Agipom — Q10T = A1 + @1@{ =A1+0 (7'2) .

Since A is SPD, both the Schur complement A; and its approximation A; must also
be SPD. We note that this approximation amounts to adding a symmetric positive
semidefinite matrix of norm at most 72 to the original matrix.

We further approximate H = Ri 2., by Up Q{. Since this approximation is done
on the Cholesky factor of A, the amount of perturbation to A is only O(||D1l|27) =

O(V[All27)-

After these two approximations, we obtain the first block row in the Cholesky
factor as

(Dy U197]),

and the Schur complement is now /Tl. We will only store the current As., 2., and 9y
instead of computing A; explicitly.
To continue, partition

QT = (‘/ZT f‘jl) .
The Schur complement becomes

Ao — Vo ViE . A 3in — VoH,
(A273:n - VvQTﬁl) A3:n73:n - ﬁirﬁl

Al =
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For approximations on the second block, we first compute
Asoi=Aos—VoVy and Assy, = Az, — VoH.

We then use Cholesky factorization of Az o := DI'D,, compute Hy := D2_TA2)3;»,—L,

and define
(D UVl (U
DQ = ( D2 and HQ = 1)

With this notation and the approximation to Hj, we can rewrite the matrix A as

DID,  DIH, (H1>
Hy
(213) A= ﬁ T
(H;) ngz A3:n73:n

The product AZ was preserved in the approximation to Hi. In approximat-
ing (gz), we only need to preserve the product of matrix on the right-hand side

of (2.13) and Z. But this can be done by preserving (g;)Zg;n and G%(gg), where
G2 = HgDQZ]_Q.
Preserving these directions, we compute an orthogonal decomposition in the style

of (2.10) as follows:
(1) = (e i) (22 2:)".

where the matrix (Uy ) is column orthogonal and ||Qal|2 < 7. As before, approxi-

mating (g;) by U QT will not change the original matrix-matrix product AZ.
We write the Schur complement of A 5 as

T -
Az = Agin 3in — HTH), — HT Hy = A3 3n — (g;) <g;>
= Aznzn — Q207 — @2@5
We now approximate A, by
Ay = Az zm — Q208
and the first two blocks of the Cholesky factor by

D1 Ul‘/QT U1W2Qg
Dy U,0F )~

where we have used the partition
_ (W
Uy = (U) |

Again, this approximation ensures that the matrix-matrix product AZ remains un-
changed and the Schur complement A5 remains SPD.
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To continue this procedure by induction, we assume that at the kth step for
k < n — 1, the approximate Cholesky factor with the first &£ blocks has the form

Dy Vi o UyWa- - Wi VI UiWa - - W, QF
Dy oo UsWs-- - Wi Vi UsWs - Wi QF
Dy, U,QF

and the approximate Schur complement has the form
Ak = Ak+1:n7k+l:n - Qng
As before, partition
Q;;F = (ijji-l Hk)
so that

. N
i Apr1k+1 — Vi1V . Apt1 k42:n — Vier1 Hy

k p— o~ o~ o~

Akt1,k+2:n — Vir1Hy Apron kram — HE Hy

, k
We explicitly compute
._ T o 7y
App1k+1 = Arrrorr — Vi1 Vi and - Apgg pgom o= Argiprom — Vi1 Hy.

We then use Cholesky factorization of Ay k41 := DkTHDkH and compute

=T
HkJrl = Dk+1Ak+1,k+2:n'

Define
Dy U Vgt o UWa - Wi VI UiWa - Wi VT
Do ceo UgWsg -+ kalva Us Wiy - - Wka+1
Diy1 = ' : :
Dy, UV,L
D11
and
UWy -+ Wy
UsWs - - Wy,
Hip1 = :
U
I

We can write the matrix approximation as follows:

H
DkT+1Dk+l D£+1Hk+1 <Hki1>

A~

~ T
Hy, T
Hi, D Apio. .
k+1HEk+1 k+2:n,k4+2:n
(HkJrl +
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In order to keep the matrix-matrix product AZ unchanged, we only need to

i b4 T [ H _ T
preserve (Hkil)Z’f“:” and GkH(Hkil) for Gry1 = Hj 1 Dir1Z1:k41- As before, we

compute an approximation of (Hlﬁl) in the style of (2.10) as follows:

(2.14) (lejl) = (Uk+1 ak+1) (QkJrl @kﬂ)T,

where the matrix (Uy41 Uys1) is column orthogonal and || Qg 1]z < 7.
It follows that the Schur complement for block k£ + 1 is

N ~ T
s H, H,
A1 = Aprompion — HeHE — HE G Hepr = Ao ko — < K ) < K ) .
Hpp1) \Hiq1

Again, this allows us to write
A1 = Agiomiron — Q1941 — Qs @;;FH,
which is then approximated by
Apy1 = Akt kr2m — Q1971

Since the difference between .Zkﬂ and Agy1 is a symmetric positive semidefinite
matrix, Agq1 must itself be an SPD matrix.
After these computational steps, the approximate Cholesky factor becomes

Dy U Vb o UyWa - Wi Vi U1W2---Wka:Crl Ule---Wkﬁk
Dy oo UsWs-o Wi VI UsWi3 - -Wka:Crl Uy Ws - - - Wi Hy,
Dy, UkaJrl Ukﬁk
Di11 Hiq
Partitioning

Wit
u =
wH <Uk+1)
in the numerical low-rank approximation of (HiIL) (see (2.14)) leads to Hy, ~

Wi19F and Hyyq =~ Upyq Qerl, thus ending up with a new approximate Cholesky

k+1
factor of the form
Dy UV o UhiWa- Wi VE UhiWa--- WkaTH UrWa - Wi Wit QZH
Do Ung"'Wk_1VkT U2W3"'WkaT+1 U2W3"'Wka+1Q£+1
Dy, Uk Vi1 UsWit1Qi 1
Dy 11 Ur+19Q%41

Throughout the steps, the matrix-matrix product AZ is always kept unchanged.
This completes the induction for £k < n — 1. For k = n — 1, the new approximate

Cholesky factor still has the form similar to above, without the last column. This is

exactly the form of the matrix S defined in (2.12). This ends the proof. O
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It can easily be seen from the algorithm description that every approximate Schur
complement during the Cholesky factorization is obtained by adding symmetric pos-
itive semidefinite matrices of norm at most 72 to the true one. We also perform an
approximation of the order O(4/||Al|27) for low-rank approximation at every step of

the algorithm. Hence the total truncation error O(y/||Al|27) in (2.11) could be O(n)
times larger than /|| Al|27.

Assume that each diagonal block in A has roughly the same number of columns.
Let p be the maximum dimension in all the diagonal blocks, and assume that p is
bigger than the column dimension of every matrix Uy. Then the cost for each step
is O(Np?) flops, leading to a total cost of O(n?p®) = O(N?p) flops for the whole
construction algorithm.

As is shown in [3], the column dimensions of Uy in S turn out to be precisely the
rank of 1.4 gy1:m for E=1,...,n — 1. If Ay, k41.n has small numerical rank for the
given tolerance for £k = 1,...,n — 1, the matrix S constructed above will also have
small rank in each of its upper off-diagonal blocks. Otherwise, some Uj’s would need
to have large numbers of columns.

We have presented our construction algorithm using SVDs. However, any rank-
revealing decomposition satisfying (2.2) will also work. Good examples are rank-
revealing QR factorizations and rank-revealing modified Gram—Schmidt procedures.
It is likely that this will lead to considerable speedup for a small loss in compression.

As before, this construction algorithm is numerically stable, and we also leave out
the details of the tedious and yet not very insightful proof.

For the purpose of computing a preconditioner, we can further require that the
number of columns in U not exceed a certain preset number, like MazRank. This
is equivalent to restricting the number of columns in U in (2.2) to never exceed a
certain preset number, like MazRank. In our numerical experiments, we simply set
the submatrix Hs o = 0 in (2.8). This simple strategy has still led to very effective
preconditioners; see section 3.

3. Numerical results. We have written a C code implementing our construc-
tion algorithm. In the following we report the numerical results with this code. Here
we concentrate on demonstrating the effectiveness of our semiseparable matrix ap-
proximations as preconditioners.

First, we consider finite-element discretizations on uniform triangular mesh of size
h, with piecewise linear functions of the following diffusion equation defined on the
unit square = [0, 1] x [0,1]:

(31) —div (k($7 y)vu) = f(x,y),

where the coefficient k(z, y) is a two-by-two matrix of the form eI + bb” for a given
€ > 0 and variable direction vector

cosa(l — zcosa)
sina(l — ysina)

In the test we chose ¢ = 0.01 and a = . We assume a mixture of Dirichlet and
Neumann boundary conditions.

We use standard lexicographic ordering of the unknowns (or mesh-points). The
block structure of the matrix is obtained by putting together all p consecutive nodes
in a block. In the test we varied the block size p; the number of direction vectors, d,
between zero and three; and the maximum rank r. Note that our algorithm requires
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r > 2d and the block size p to be at least the rank r. We present results of two settings
of block size and maximum rank: the smaller one with p = 8 and r = 2d + 2, and
the larger one with p = 20 and r = 2d + 10. The direction vectors correspond to
the constant vector for d = 1, and additionally, d = 2 and d = 3 correspond to the
vectors coming from the linear functions x and y evaluated at the nodes of the mesh.
We use the thus constructed block factorization matrix as a preconditioner in the
preconditioned conjugate gradient (PCG) method. We list in Table 3.1 the number of
iterations m for which the respective residuals satisfy 1/rZ r,, < 107%\/rl'ro. We do
not use the preconditioned residual norm since we want to compare the different pre-
conditioners corresponding to different d (the number of directions) using fixed norm.
We also include the time to construct the approximate factor preconditioner. The
tests were run on a 1.9 GHz IBM Power5 machine at the National Energy Research
Scientific Computing Center.

The results in Table 3.1 show the improvement of the number of iterations using
increasing number of directions. There are only two cases where the iteration count
for d = 2 is larger than that for d = 0 or d = 2. Nevertheless, d = 3 always achieves
the lowest iteration count. It is clear that the preconditioner for larger d’s is more
expensive to construct and apply. Also, as expected, larger rank results in better
approximate factorization. It is good that the extra construction cost is acceptable—
with more than doubling the block size and rank, the construction time is not more
than doubled, and the increase is smaller as the problem size increases.

TABLE 3.1
Number of PCG iterations for anisotropic diffusion equation: ¢ = 0.01, a =
seconds) for constructing the preconditioner are shown for d =0 and d = 3.

uy

5. The times (in

=8, r=2d+2 p=20, r=2d+ 10 CcG
hl|d=0time|d=1|d=2|d=3 time|d=0 time|d=1|d=2|d=3 time iters
12 28  0.00 24 21 20  0.01 7 0.00 1 1 1 0.00 51

24 61 0.05 55 51 51 0.07| 28 0.05 24 23 20 0.13 116
48 115 0.57 | 113 121 110 0.91 7 1.00 | 65 65 53 1.14 240
96 233 8.52| 221 216 210 13.74| 158 15.48 | 139 185 118 18.49 479

The purpose of the second test that we performed is to achieve high tolerance
in the approximation when we factorize a dense SPD matrix. We consider the model
anisotropic diffusion problem (3.1) for a set of diffusion direction vectors b. The
dense matrix under consideration is obtained as follows. We order the nodes using
the nested-dissection ordering [13, 20]. In this ordering, the last n x n (n = 1/h)-
dimensional Schur complement, S, is a dense SPD matrix, costing traditional direct
solvers O(n?) operations to factorize. We approximate this matrix by RT R, where
R is an upper triangular semiseparable matrix with maximum off-diagonal rank at
most 2. We require that a single direction Z = (1,..., 1)T be preserved under our
compression scheme. Z in this case is a well-known rigid-body mode of our model
problem under our discretization. This implies that we must set Hs o = 0 in (2.10) at
every step of compression, even though the matrix S in consideration can be very ill
conditioned. Let S = R~7 S R~*. Obviously, RTR is a good preconditioner if x(S),
the condition number of S, is much smaller than x(S), the condition number of S.
Table 3.2 summarizes our results for this problem. We observe that x(S) always
hovers around 1, indicating high effectiveness of RT R as a preconditioner for S. In
other words, the last n x n-dimensional dense Schur complement in the traditional
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TABLE 3.2
Approzimation on the Schur complements for model problem (3.1).

n = 200, b is unit random n = 400, b is unit random

€ 1 10~4 10~8 1012 1 104 10—8 1012

K (S) || 4.7 x 102 | 5.1 x 103 | 1.3 x 102 | 5.6 x 102 [4.9 x 102 | 2.9 x 10% | 6.4 x 10° | 4.7 x 102
K(S) 2.9 1.3 1.5 1.9 3.2 1.7 2.4 x 10! 2.0

n =200, b = (1,0)T n =400, b = (1,0)T

€ 1 10~ 10~8 1012 1 104 10~8 1012

K (S) || 2.8 x 102 | 2.0 x 10% | 2.0 x 10° | 2.0 x 10'3[5.7 x 102 | 4.0 x 105 | 4.0 x 10° [ 4.2 x 1013
x(S) 2.8 1.6 1.5 1.0 3.2 2.2 1.0 1.0

Cholesky factorization can be well represented by a semiseparable representation with
off-diagonal rank 2.
Finally, we considered the two-dimensional linear elasticity equation

(3.2) —(HEHVW):? i Q=(0,1)x (0,1),
(3.3) 7=0 on 01,

where @ € R? is the displacement vector field and A and p are the Lamé constants.
This PDE is very ill conditioned when the ratio A/u is very large; this limit is known
as the incompressible limit and is associated with the mechanical behavior of elasto-
metric materials and plastic flow in metals, for example. Iterative methods, including
standard geometric multigrid, converge very slowly or even diverge for very large
A/ p. However, such situations are important as they are ubiquitous in nature; one of
our chosen example problems, in fact, possesses this behavior in its linearized form.
The two direction vectors correspond to the two well-known rigid-body modes. Let
u = (u1 wuz). One of the rigid-body modes is such that all the discretized u; nodes
are 1 and all the discretized us nodes are 0; the other is such that all the discretized
u1 nodes are 0 and all the discretized us nodes are 1. Table 3.3 shows the PCG
convergence history and the condition number of A = R~TAR™!, where R is the
approximate semiseparable Cholesky factor. It is clear that with higher ratio A\/u, the
system is much more ill conditioned and requires many more PCG iterations. When
A/p = 1, preserving directions and increasing block/rank size are beneficial. When
A/p = 10%, preserving directions is generally beneficial, but larger block/rank size is
not helpful.

TABLE 3.3
Number of PCG iterations and the condition number k(A = R™TAR™Y) for the elasticity
equations. The last two columns show the number of CG iterations and the condition number of the
initial matriz A.

O\ ) [T p=8, T=2d+2 p=20, r=2d+10 CG
d=0 w(A)|d=2 k@A)d=0 «wA)|d=2 k(A iters k(A4)
(1.0,1.0) | 8 | 32 1.5x10'| 25 9.7x 10'| 16 2.9x 10'| 11 1.9x 10'| 68 2.9 x 102
16 | 62 6.4 x 102 48 4.7x10%2| 64 8.6 x 102| 31 2.0 x 102|| 119 1.2 x 103
32| 123 2.5x10%| 92 1.7x 10| 83 3.0 x 103| 62 1.2x10%| 228 4.7 x 103
(1.0,107%)[ 8 | 243 3.1 x 10°| 236 3.5 x 10°| 12 1.3x 10'| 9 1.3 x10'| 405 5.7 x 10°
16 | 549 1.1 x 106| 440 9.7 x 10%|1230 1.7 x 109[1203 2.0 x 106 || 1214 2.1 x 10°
32| 1216 4.5 x 10%| 1258 4.3 x 106|1867 7.0 x 10%| 1996 8.6 x 10° || 3149 8.3 x 106
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TABLE 3.4
Preconditioner effectiveness on the Schur complements for the elasticity equations.

n = 200 n = 400
A 1 10* 108 1012 1 10* 108 1012
K (S) || 1.7 x 102 2.2 x 10% | 2.2 x 10° | 1.5 x 103 | 3.3 x 102 | 4.5 x 10% | 4.5 x 10° | 1.8 x 10!3
k(S) 1.6 2.1 2.1 2.0 2.0 2.4 2.4 2.2

For the elasticity problem, we also examined the last Schur complement matrix
arising from direct Cholesky factorization with nested-dissection ordering. This time,
we allow the maximum off-diagonal rank to be at most 4 in the semiseparable rep-
resentation and still require our compression scheme to preserve the two rigid-body
modes. The results are shown in Table 3.4. This time, x(S) hovers around 1, even
when S is ill conditioned.

To summarize, our results show that for both diffusion and elasticity problems,
our direction-preserving factorization method is very efficient and achieves very good
approximation for the Schur complement matrices corresponding to the top level sepa-
rator. Our future main goal is to use this factorization algorithm to construct reduced
(Schur complement) matrices that have prescribed actions on certain direction vectors
and not as much as stand-alone preconditioners (as explained in the introduction of

this paper).

4. Conclusions. We presented an efficient and backward stable algorithm for
constructing SPD semiseparable matrices that approximate a given dense SPD matrix
A with a guaranteed a priori given tolerance 7 > 0. In the literature, there are several
different classes of semiseparable matrices that have similar low-rank structures [6,
5, 16, 17, 18]. Work has begun to extend our algorithm to such low-rank structures.
Ultimately, such algorithms will be used to form the basis of efficient algorithms to
construct effective preconditioners for sparse matrices arising from discretized PDEs.

Alternatively, giving up on the guaranteed tolerance property, the proposed al-
gorithm provides an SPD factorized matrix that has the same actions as the original
SPD matrix on a given set of direction vectors. More generally, the proposed algorithm
has the property that it provides approximate Schur complement (reduced) matrices
that have the same actions as the corresponding exact Schur complements on a given
set of direction vectors. The latter property offers the potential to construct coarse
matrices for AMGs, which is a topic of future research.
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